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[. INTRODUCTION

A quiver ([2]) @ = (Qo, @1, s,t) is a quadruple consisting of two set: @Qo(whose
elements are called points, or vertices) and @)1 (whose elements are called arrows)
and two maps s,t : ()1 — )y which associates to each arrow a € () its source
s(a) € Qo and its target () € Qo, respectively. Hereafter we use the notation
Q = (Qo, Q1) or simply @ to denote a quiver. A pathof lengthlin @ is a sequence
of arrows (o, e, ..., qq) of @, of length [, such that s(c;.1) = t(a;). A path of

length 0, from a point a to a is denoted by ¢, and it is called stationary path.

Let ) be a quiver. The Path Algebra K@, of () is the K —algebra, whose under-
lying K —vector space has as a basis, the set of all paths (a|aq, ag, ..., a;|b) of length
> 0. The product of 2 basis elements (a|ay, ag, ..., q|b) and (c|Gy, Po, ..., Bm|d) of
K@ is defined as,

(aan, s, ... cq[b).(c[Br, Ba, ... Bim|d) = dbclalan, ..., Br, ... B[ d).

Let K@), be the subspace of K@) generated by the set @); of all paths of length
[, where [ > 0. It is clear that (KQ,).(KQy) C (KQuim) and we have the direct

sum decomposition

KQ=KQy®KQ®..0 KQ,® ...

K@ is an associative algebra. It has an identity if and only if )y is finite and
acyclic.

Let @ be a quiver. The two sided ideal of the path algebra K() generated (as
an ideal) by the arrows of @ is called the arrow ideal of K() and is denoted by
RQ. So
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Let RlQ denote the ideal of K() generated, as a K — vectorspace, by the set of all
paths of length > [.

A two-sided ideal I of K@ is said to be admissible if there exists m > 2 such
that Ry € I C Ré. If I is an admissible ideal of K@, the pair (Q,I) is called

bound quiver and the quotient algebra K@ /I is called a bound quiver algebra.
A Quiver (@ is said to be connected if the underlying graph is connected. An
algebra A is said to be connected if A is not a direct product of two algebras, or

equivalently, 0 and 1 are the only central idempotents.

A partially ordered set X is said to be locally finite if, the subset X,, = {z €
X 1y <z <z} is finite for each y < z € X. The Incidence algebra I(X, R) of a
locally finite partially ordered set X over the commutative ring R with identity is
I(X,R) ={f: X xX = R| f(x,y) =0if x £y}
with operations defined by

(f +9)(x,y) = flx,y) + g(z,y),
(f9)(z,y)= > flx,2).9(2y),

*<z<y

(r-f)(z,y) =r.f(z,y)
forall f,ge I(X,R),r € Rand x,y,z € X.

1 ifr=y
The identity element of I(X, R) is (x,y) =

0 Otherwise

For a finite partially ordered set X, the incidence algebra I(X, K) is a sub-
algebra of the matrix algebra M, (K). The following theorem characterize finite

dimensional incidence algebras.( [1], Theorem 4.2.10)

Theorem 1. Let K be a field and S be a subalgebra of M,,(K). Then there
exists a partially ordered set X of order n such that (X, K) = S if and only if

(i) S contains n pairwise orthogonal idempotent and
(ii) S/J(S) is commutative.
And, for incidence algebras of lower finite partially ordered sets we have the

following characterization: ([3], Theorem 2.)

Theorem 2. Let V be a K—vector space with dimension | X|, for a suitable

set X. Let S be a subalgebra of EndxV'. Then there exists a lower finite partial
ordering in X such that S = I(X, K) if and only if,
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(1)1 S

(2) S/J(S) is commutative

(3) For each x € X, there is an E, € S of rank 1, such that
ByBy = 0,,E, and @ E, (V) =V

zeX

(4) X, ={z € X | E,.5.E, # 0} is finite for each y € X

Notes

II. THE PARTIALLY ORDERED SET CORRESPONDING TO AN ACYCLIC QUIVER

Let (Q be an acyclic quiver. Let )y denote the set of all points of (). We may
define an order on @)y by ¢ < j if and only if there exists a path from ¢ to j. Since
£a € Q ,Va € Qo, we have ¢ < i, Vi€ Q. Ifi+# jand i< j, then j £ i, since
Q is acyclic. If there exist a path « from i to j and 3 from j to k, a3 is a path
from i to k. So i < jand j < k implies ¢ < k. So (Qo, <) is a partially ordered
set. Clearly (Qo, <) is locally finite for a finite quiver Q.

Proposition 1. Let @) be a finite acyclic quiver such that there exists at
most 1 path from i to j, for each pair 7,57 € ()y9. Then the path algebra K@ is

isomorphic to the incidence algebra I(Qq, K).

Proof. Let @ = (Qo, Q1) be a finite acyclic quiver such that, there exists at
most 1 path from ¢ to j, for each pair 7,7 € Q)y. If i < 7, denote the unique path
from i to j by «a;;. Define ¢ : KQ — I(Qo, K) such that a;; — E;; where E¢;;
is the function which assumes the value 1 at (i, j) and zero elsewhere. This is an
isomorphism from KQ to I(Qo, K), since ¢ is a bijective map from basis of KQ
({ajli, j € Qo}) to a basis of I(Qo, K) ({057, j € Qo}) and it preserves addition,

multiplication and identity element. Hence the theorem.

Definition 1. If a quiver Q = (Qo, Q1) is such that there exists atmost one

path from x to y for each pair z,y € @y, then we call Q) a unique path quiver.
Proposition 2. Let K be a field and S be a subalgebra of M, (K). Then

there is a unique path quiver Q = (Qo, Q1) with n vertices such that KQ = S if

and only if

(i) S contains n pairwise orthogonal idempotents and

(i) S/J(S) is commutative.

Proposition 3. Given a finite acyclic quiver Q = (Qo, Q1) there exists a
surjective homomorphism from K@) onto the associated incidence algebra I(Qq, K)
and this becomes an isomorphism if and only if () is such that, there exists atmost

one path from ¢ to j, for each pair i, 7 € Q).
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Proof. Since @ is finite and acyclic, K@) is finite dimensional with the set
of all paths as its basis. Let Qo = {1, s,...,2,} and let for each i,j € Qo,
i < j whenever there exists a path from i to j. I(Qq, K) will be isomorphic to
a subalgebra S of T,,(K). If E;; denote the n x n matrix with 1 at the (7, j)th
position and zeros elsewhere. It is clear that whenever ¢ < j, F;; € S. Now define
¢ KQ — I(Qo, K) such that p(«a) = Ej; if ais a path from i to j. If & : i — j and
B :m — n are two paths Q, a8 = 0if j # m and a3 is a path from 7 to n, if j = m.

p(aB) =
0  Otherwise
= Eij~Emn
= p(a).0(B)

o( > &) = I, since ¢; — FEy;. Hence ¢ is a surjective map from the basis of
1€Qo

K@ onto a basis of 1(Qo, K), which is compatible with the addition, multiplication
and scalar multiplication. Hence ¢ is a surjective homomorphism from K(¢) onto

I(Qo, K). Clearly if there exists at most one path from i to j for each pair i, j € Q,
then dim(KQ) = dim(1(Qo, K)). So KQ = I(Qo, K).

Remark 1. Under the above defined surjective homomorphism ¢, we can
reach at the following results.

(1) If @ is a finite acyclic quiver then the Jacobson radical of K@ will be mapped
on to the Jacobson Radical of I(Q), K)

(2) Ré will be mapped on to the two sided ideal .J; of I(Qo, K'), where J, = {f € I

(Qo, K)|f(z,y) = 0 if the length of the longest chain from x toyis <[}

Definition 2. Let @ = (Qo, Q1) be an acyclic quiver. Then @ is said to be
a locally finite quiver, if for each pair 7,7 € @, there exists only finitely many

paths from 7 to j and is said to be lower finite if for each x € () there exist only
finitely many paths that ends at x.

Note that if Q@ = (Qo, Q1) is an acyclic locally finite quiver, then the associated

partial order set is also locally finite.

Proposition 4. If @ is an acyclic locally finite quiver and (Qo, <) is the
associated locally finite partially ordered set, then there exists a homomorphism
¢ KQ — I(Qo, K) and this homomorphism is injective if and only if @ is such

that, for each pair 7, j € )y there exists at most one path from ¢ to j.

© 2012 Global Journals Inc. (US)
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Proof. Let V be a K—vector space of dimension | Qo |. Let {v; | i € Qo}
be a basis of V. For each pair 7,5 € Qo there exists F;; € EndgV such that
Eij(vy) = 0j,v;. Let S = span{E;; | i,j € Qo,i < j}. This is a subalgebra
of I(Qo, K), since E;; can be mapped to d;; € 1(Qo, ). These d;;s will span a
subalgebra of I(Qo, K). Denote this subalgebra by A. We have, S = A. Call this

isomorphism by ¢ .
Notes Now, consider a basis of K@), which is the set of all paths in Q. If « is a path from

i to j, then define ¢ : K@) — S such that o — FE;;.This is a homomorphism from
KQ to S.

Now, po v : KQ — I(Qo, K) is a homomorphism. It is clear that this becomes

injective if and only if there exists at most one path from ¢ to j for each pair

iaj € QO'

Remark 2. K@ has an identity if and only if @) is finite and acyclic. But
1(Qo, K) always has an identity. So that ¢ o ¢ can not be surjective in general.

Remark 3. Associated to a finite acyclic quiver we get a unique partially
ordered set. But the converse is not true. For example, corresponding to X =
{1,2} together with the usual ordering we get countably many quivers with n
arrows between 1 and 2 for any natural number n € N.

[1I.  PATH ALGEBRA: A GENERALIZED DEFINITION

Definition 3. Let Q be a quiver, and let P be the set of all paths in Q). A
Path Algebra of ) is defined as { Yoo e € K a € P}. We define addition

aclP
and scalar multiplication componentwise. If (a | aq, g, ...,y | b) and (¢ | 81, B2, -y B | d)

are any paths in ), we define their product as,

(a|a17a27”'7al|b>‘(0’ﬁlvﬁ27”'7ﬂm|d) - 5bc<a|a1>‘”7al7617"'ﬁm|d)' The prOd_

uct of two arbitrary elements of K@) can be defined by assuming distributivity of

multiplication of paths over arbitrary summation.

a€eP pBeP a,BeP

g (z caoz> (Z dﬁﬁ> = Y cadsaf

This is well defined since aff = 0 if t(«) # s() and since a3 is a path, it is
of finite length and so it can be expressed as a product of 2 paths only in finitely
many ways.

Define KQ; = { Yo coar| o =0if length of o # l}.

acP
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K@ can be expressed as a direct product of K@), for [ > 0. i.e.,

KQ=KQyx KQ1 x..x KQ; x ...

Clearly (KQ,).(KQm) € KQpim Yn,m > 0.

Note that if ) is a finite acyclic quiver, then our generalized definition and old
definition of path algebra coincides. So the results we obtained in the previous
section for finite acyclic quiver holds, even when we use the generalized definition
of path algebra. For a finite acyclic quiver ), the set of all its paths P, will serve

as a basis for K (). Here after we use the generalized definition of path algebra.

Proposition 5. Let @) be a quiver and K be the corresponding path alge-
bra.Then,

(a) K@ is an associative algebra.

(b) The element Y ¢, is the identity in KQ.
a€Qo
(¢) KQ is finite dimensional if and only if @ is finite and acyclic.

Proof. (a) The fact that K@) is an associative algebra, follows directly from the
definition of multiplication, because, the product of paths is the composition of
paths and hence it is associative. Any element in K() is an arbitrary linear com-
bination of paths. So associativity holds in general, since we have distributivity of
multiplication over arbitrary summation.

(b) Let > cqoar € KQ be arbitrary.

aceP

ae%o €a> ) <QZ€% caa) = Q;P Cor [(ae%o €a> .a]

=Y Ca . 5a.a> ,

aeP a€Qo

= > cou

aeP

_ a, if s(a) =a
since €,.a0 =
0, otherwise

o ‘ a, if t(a) = a
Similarly since a.e, = )
0, otherwise

Therefore, > &, serves as the identity of KQ.
a€Qo

© 2012 Global Journals Inc. (US)
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(c) If @ is infinite, so is the set P. Span(P) C K@ and P is linearly indepen-
dent. So that K@ is infinite dimensional.

Now if @) is cyclic, then there is atleast one cycle, say w in Q.

Then w! € P VI > 1, which implies P is infinite and hence K is also infinite
dimensional.

Conversely, if @ is finite and acyclic, then | P | is finite and in this case P serves

as a basis for K (). Hence K( is finite dimensional.

Proposition 6. Let Q) = (Qo, Q1) be a unique path quiver then an element
a € K@ is a unit if and only if the coefficient a,, of the stationary path e, is

nonzero for all z € Q.

Proof. Let a =) a0y, be a unit element of K@, where o, is the unique
Z,yEQO
path from x to y, if there is one. Then there exists a b= > by, in K(Q such
x7yEQO
that ab= > e,. That is
z€Qo
Z azybzuaa:yazu = Z Ex
z,Y,2,u€Q0 €Qo

= Z Z axybyu> Qg = Z Ex

z,u€Qo  YEQo r€Qo

Equating coefficients on both sides we may conclude that the coefficients of each

stationary path should be nonzero.

Conversely, suppose that a = > ag,ay, is such that a,, # 0 for all z € Q.
l',yeQO
Then there is an element b € K() such that

ba:y - 1/axx7 Zf r=1y

= =1 Z axzbzya Zf x %y

Qg

z€Qo—{z}
So that if x = y coefficient of ¢, = a,.0,, = 1 and

if x # y, coefficient of a,, in the product a.b = > a;.b.,

2€Qo
But,
Z azzbzy = amzbazy + Z amzbzy
2€Qo z€Qo—{z}
- a/cca:% Z azzbzy + Z azzbzy
z€EQo—{z} z€EQo—{z}
=0

Hence a.b = ) &, which implies that a is a unit.
z€Qo
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Remark 4. {c,|a € Qp} of all stationary paths in @ is a set of primitive

orthogonal idempotents for K@) such that Y ¢, =1¢€ KQ.
a€Qo

Proposition 7. Let () be a quiver and K@ be its path algebra. Then K () is

connected if and only if @) is connected.

Proof. To prove this, we first prove that K() is connected if and only if there
does not exist a nontrivial partition I U.J of Qg such that if i € I and j € J then,
gi(KQ)e; =0 = ¢;(KQ)e;. Assume that there exists such a partition for (). Let
c = Y &;. Since the partition is nontrivial ¢ # 0 or 1. Since ¢;’s are primitive

jeJ
orthogonal idempotents and multiplication in K@) is distributive over arbitrary
sum, we can conclude that ¢ is an idempotent. Also,
ce; =0=¢;.c, Vi € I and
cej=0=¢j.c, VjeJ.
According to our hypothesis €;.a.e; = 0 = ¢j.a.g;, Vi € [ and Vj € J and Va €
KQ.

Therefore,

ca= Y, q) a

jeJ

= Zej.a 1

jeJ
= Y egal. (Zei—i- > 5k>
jes i€l keJ
= > gjagy
kg€
— Zgj—l—ZQ) a <Z 5k>
jeT iel keJ
=a.c

which implies ¢ is a nontrivial central idempotent. Hence K@) is not connected.

Conversely, if K() is not connected, it contains a nontrivial central idempotent,

say c.
Therefore,

c=1.rc1

© 2012 Global Journals Inc. (US)
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= Y &;cg, since ¢ is central
i€Qo

Now let C; = E;C = CE; = €;C€E; € €Z(KQ)61

2 2
So that, ¢ = (g;ce;) (g5c8;) = €;¢%e; = gice; = ¢,
hence ¢; is an idempotent.

But ¢;’s are primitive, so that either ¢; = 0 or ¢; = 1, since
€i:€i(1—ci+ci)
= &; (1 — Ci) + €;¢;
So, g; = gicior g, = &; (1 — ¢).
Let I = {i€Qo/c; =0} and J = {j € Qo/c; =1}. Since ¢ # 0,1, this is a
nontrivial partition of Qy. And if ¢ € [ then, g;c = cg; = 0 and if j € J then,
€jC = CEJ' = é?j.
Therefore if i € I and j € J, £;,(KQ)e; = €;(KQ)ce; = eic(KQ)e; = 0.
Similarly, €,;(KQ)e; = 0.

Now assume that K@ is not connected. Let @' be a connected component of Q).

Let Q" be the full subquiver of @) having the set of points Qf = Qo\Q;. Since Q
is not connected, both @ and Qf are nonempty. Let a € @ and b € Qf. Since Q)
is not connected, then if « is any path in (), either « is entirely contained in Q" or

« is entirely contained in Q"

If o is contained in )’ then, a.e, = 0 and so g,.a..e, = 0.

If « is contained in )" then, e,.c = 0 and so g,.a.5, = 0.

Therefore, g, (KQ) e, = 0. Similarly, g, (KQ)e, =0
This implies K () is not connected.

Now assume that () is connected but K() is not. We have a nontrivial disjoint
union of Qg such that Qy = QLU Q) and if @ € Q" and b € Q" then, ¢, (KQ) &, =
0= Ep (KQ) Eaq-

Since @ is connected, there exists some ay € @ and some b, € @ such that
they are neighbors. Without loss of generality, suppose that there exists an arrow
a :ag — by. Therefore, a = €,,.a.6p, € €4, (KQ) &4, = 0, which is a contradiction.

Hence K() is connected.

Definition 4. Let ) be a quiver and K@ be its path algebra. The two-sided
ideal of K@, is called arrow ideal and is denoted by Ry if it is defined by,

Rg = { > ca] ¢ =0, if a is a stationary path}

acP
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Let Rcl2 denote the two-sided ideal of K() generated by the paths of length > [.
So that

Ré = { > catr | co =0, if « is a path of length less than l}.

acP

l

R
Therefore R,—fl >~ KQ,
Q

Definition 5. A two-sided ideal I of K@) is said to be admissible if there

exists m > 2 such that
m 2
R C 1 CRp.

If I is an admissible ideal of K@, the pair (@, ) is called bound quiver and
the quotient algebra K@Q/I is called a bound quiver algebra.

Proposition 8. Let () be a quiver and I be an admissible ideal of KQ.
The set {e, =, + 1 | a € Qo} is a set of primitive orthogonal idempotents of the
bound quiver algebra KQ/I and ) e, = 1xq/1

a€Qo

Proof. Since e, is the image of £, under the canonical homomorphism from

KQ — KQ/I, and ) ¢, =1, it is clear that {e, = e, + 1 | a € Qp} is a set of

a€Qo

orthogonal idempotents such that ) e, = 1x¢g,r. Now we have to prove that each
a€Qo

e, is primitive. That is only idempotents of e, (KQ/I)e, are zero and e,. Any
idempotent of e, (KQ/I)e, can be written in the form e = \e, +w+ 1, A € K

and w is a linear combination of cycles of length > 1. Therefore, since e is an
idempotent,

Mea+w)P+1T=Neg+w)+1
i, Aeg+w)’ —(Aeg+w)el
e, M2=Ne,+ A\ —Nw+w?el
Since I C Ry, (\* — A) = 0 which implies A = 0 or 1
If A =0, e =w+ I and then, w is an idempotent modulo /.Since Ry C I for some
m>2 w"elandsow e I. Sothate=0¢€ KQ/I.
IfA=1,thene=¢,+w+1 and e, —e = —w+1 is an idempotent in e, (KQ/I) e,.

So that w is an idempotent modulo I, which implies w™ € I which in turn implies

that w € I. Hence e, — e € I and e, = e modulo 1.

Proposition 9. Let () be a quiver and I be an admissible ideal of K (). The

bound quiver algebra K@)/ is connected if and only if @ is a connected quiver.

© 2012 Global Journals Inc. (US)
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Proof. Let ) be not connected. By Proposition 5, we have K( is not con-
nected. And this implies that there exists a nontrivial central idempotent
(neither 0 nor 1) which can be chosen as a sum of paths of stationary paths.
Then c =~v+1# 1. If c=1+1 then, 1 — v € I, which is not possible, since
1 C Ré. Hence c is a nontrivial central idempotent of KQ)/I and so KQ/I is not

connected as an algebra.

NO tes Conversely, assume that () is a connected quiver, but K@/ is not a connected al-
gebra. Then, there exists a nontrivial partition Qy = QU Qj such that whenever
reQyandy € Q, thene, (KQ/I)e, =0=r¢,(KQ/I)e,. Since Q is a connected
quiver, There is some a € Q) and b € Qf that are neighbors. With out loss of
generality we may assume that there exists an arrow from a to b. Then, a = ¢,a¢e,
and so, @ = a + [ satisfies @ = e ae, € e, (KQ/I)e, =0. Asa # 1 ( I1C Ré),

This is a contradiction. Hence K@Q)/I is connected.

IV. THE RELATION BETWEEN THE PATH ALGEBRA OF AN ACYCLIC QUIVER AND THE
INCIDENCE ALGEBRA OF THE ASSOCIATED POSET

In the second section, we discussed some homomorphism between Path algebras
of finite and acyclic quivers and Incidence algebras of associated partially ordered

sets. Now we discuss the same for infinite dimensional algebras.

Proposition 10. Let @ be a unique path quiver. Then KQ = I(Qy, K)

Proof. Given that there exists atmost one path from x to y for each pair x,y €

Q. Denote this path by ag,. An arbitrary element a € K@ can be written as

a= ) OoyOly
Cl{zyep

Define ® : KQ — 1(Qo, K) by ®(a) = f, where,

fa(-ra y) = Qgy
If © £ y, there is no path from z to y, so that the coefficient of a,, in a = a,, = 0.
So that f,(z,y) = 0. Hence f, € I(Qo, K).

Now let a = Y agyauy and b= > byay,

Then,

forv = Pla+0) = Z Uy Qy + Z bayQay

agyEP Qgy€P
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= Z (@zy + bay) vy

Qazy€P

So that ®(a + b) = ®(a) + P(b).
Let ®(ab) = fu. Then,

CID(ab) =0 Z Ay Ny Z buvauv>

azy€P Quy €P

= Z axybuv (amyauv)

Qgy,Qyv epP

= > > axybyv> am)

apy€EP  x<y<w

Therefore, fo(z,y) = > ambzy) = (fa-f) (x,y), which implies
®(ab) = ®(a).(b) o
DY 8a> = 0 = identity in I (Qo, K)
a€Qo
®(c.a) =cPla), for ce K, a€ KQ
So that ® is a homomorphism from K@ to 1(Qy, K).

Now let f € I(Qo, K), then there exists an a = ) f(z,y)a,, € KQ such that
®(a) = f. Hence @ is onto. e
If a,b € KQ such that ®(a) = ®(b) then,
D(a)(z,y) = D()(,y) Yo,y € Qo
€. Qg =by YT,y € Qo
.e. a=b
So @ is one-one and hence it is an isomorphism.

Combining theorem 2 and proposition 10 we can reach at the following result

Proposition 11. Let K be a field and V' be a K—vectorspace. Let S be

a subalgebra of Endg (V). Then there exists a lower finite unique path quiver

Q = (Qo, Q1) with | Qg |= dim(V') such that K@ = S if and only if

i)1es
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I\Iotes

(il) S/J(S) is commutative.
(iii) For each z € @, there is E, € S of rank 1 such that E,.E, = §,,F, where
dzy 1s the Kronecker’s delta and > E, (V) =V

z€Qo

(iv) Xy ={z € Qo : E..5.E, # 0} is finite for each y € Qo

Proposition 12. Let @) be a locally finite acyclic quiver. Then there exists a

surjective homomorphism from K@ to 1(Qo, K).

Proof. Let ) be a locally finite acyclic quiver and P be the set of all paths
in (). Since @ is locally finite, there exists only finitely many paths from z to y

for each pair z,y € Q. Let n,, denote the number of paths from = to y in @,

and let ag}y), a%), ey a%’””) denote the n,, paths from x to y in Q. Let a € K@ be

arbitrary. So that a can be written as a = ) a,a. Let a,, denote the sum of
acP

coefficients of all paths from x to y that comes in a. Define ® : KQ — I(Q, K) by
®(a) = fq, where f,(z,y) = a,y, As in the previous proposition, it is easy to verify
that f, € I(Qo, K), ® preserves addition and scalar multiplication, ® maps iden-
tity of K@ to identity of I(Qo, K). Now we prove that ® preserves multiplication.

Let a = > apa and b = Y bgf. So that ab = > a,bgaf. Let us denote the

a€P BeP a,BeP
sum of coefficients of all paths from x to y that comes in ab by (ab),,. Note that

af3 is a path from z to y if and only if s(a) = z and #(3) = y and t(«) = s(3). So,

e<z<y .
1<m<ng.,
1<n<n.y

-2 (T ap) T b;;»)

<2<y \1<m<ng. 1<n<ny

= Z (2 bzy

z<z<y

= Z fa(x7 Z)fb(z’ y)

z<z<y

= (fa-fo) (2, y)
So that ® is a homomorphism from K@ to I(Qq, K). Now, let f € I(Qo, K)

and denote any fixed path from z to y by ag,. So that there exists some a =
> flz,y)ay, € KQ such that ®(a) = f.

xvyeQO

Hence & is a surjective homomorphism.
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